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Abstract. Multi-agent systems comprise entities whose individuaislen making behavior may
depend on one another’'s. Game-theory provides appositeeptmto reason in a mathematically
precise fashion about such interactive and interdepersiterations. This paper concerns a logical
analysis of the game-theoretical notionsNdish equilibriumand itssubgame perfectariety as
they apply to a particular class of extensive games of penfdormation. Extensive games are
defined as a special type of labelled graph and we argue th@dlnemguages can be employed in
their description. We propose a logic for a multi-modal laage and prove its completeness with
respect to a class of frames that correspond with a particlaas of extensive games. In this multi-
modal language (subgame perfect) Nash equilibria can bacieaized. Finally, we show how this
approach can formally be refined by using Propositional Byind ogic (PDL), though we leave
completeness as an open question.
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1. Introduction

With the advance of distributed and multi-agent systemsethas been an increased interest in the rela-
tion between logic and game theory within the field of Artdidintelligence ¢f., e.g, [3], [6] and [26]).
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In multi-agent environments, various decision making égerith various degrees of autonomy interact.
These individual agents making up a multi-agent system reajesigned for the performance of widely
divergent and even conflicting tasks. Still, which actiores most conducive to an agent’s ends in such
situations, may well depend on the decisions of the othentagelhe specification and verification of
multi-agent systems calls for mathematically precise eptethat facilitate reasoning about such inter-
active strategic situations. The relevance of game thapArtificial Intelligence is that it can provide
an apposite conceptual framework in this respect.

The theory of games originated in the middle of the 20th Qgniwith the recognition that, to that
date, no theory in classical mathematics had dealt withasstduations in which each individual tries
to maximize a function according to an idiosyncratic pieiwithout having control over all of the
variables on which this function depends.([22], p.11). Thus, game theory was developed as the
mathematical study of game-like situations in which thenéwal outcome depends on the individual
choices of various agents, each of which has different prat®s over the possible outcomes. In such
situations the application of the traditional notions ofimyality were thought no longer to suffice and
new mathematical concepts were developed to take overrthleict., ibid., p.39). In this respect, the
celebratedNash equilibriumand itssubgame perfeatariety are archetypical in non-cooperative settings.
Informally, a collective course of action, or a strategyfipepis said to be a Nash equilibrium if none of
the participants has an incentive to deviate unilateratiynfthat course of action. Whether an agent has
an incentive depends on her individual preferences.

One of the guiding ideas of the theory of games is that stinatof social interaction can fruitfully
be compared with and analyzed as games by distinguishirygnslatheir strategies and their interests.
Games have proved to be an especially rewarding metaphsodal environments in which interacting
agents are conceived of as players with individual pref@srand powers of manipulation. This leaves
the question how far the game metaphor goes and how far ilgteucarried. In order to arrive at
a general theory of social interaction, specific and idigsgtic aspects of games should be abstracted
from, in favor of other, more generic features, which shalidly be emphasized. Where the dividing
line between the general and the specific should be drawrt ismaobjective matter and may very well
depend on one’s purposes. Still, it should always be borndrid that:

A model structure that is too simple may force us to ignorahaspects of the real games
we want to study. A model structure that is too complicated fmader our analysis by
obscuring fundamental issues. ([29], p.37)

The order in which the players perform their actions in sgat situations has reasonably been argued to
be a vital, rather than an obscuring, aspect in this sense mduels of strategic situations provided by
games irextensive form— or justextensive games- are especially designed to account for this type of
sequential structure.

One of the important solution concepts that comes along itbensive games is that stibgame
perfect Nash equilibrium This ramification of the original notion excludes Nash dftia that are
no longer deemed credible if the sequential structure ofggais taken into account. Here, we will
give a logical analysis of extensive games and their subgaerfect equilibria. Extensive games are
introduced as a special kind of graph. Since modal languagedesigned to reason about this kind of
relational structure, we employ multi-modal languages lagits to this end. In the second last section
we will show how the framework can be refined using Propasiti®ynamic Logic PDL). As such our
approach is congenial to Bonanno’s in [5], who employed Qataional Tree Logic(TL) to formalize
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the concept of backward induction, which is closely reldatedubgame perfect Nash equilibrium. Also
the work of Baltag ([2]) should be mentioned in this context.

Extensive games define a proper subclass of Kripke-framrebdospecial kind of multi-modal lan-
guage we consider, as we will argue. A strategy profile fondersive game corresponds to a subrelation
in the frame and as such can be taken as an accessibilitiorefat a modal operator. Some strategy
profiles qualify as a (subgame perfect) Nash equilibrium ethérs do not. This fact reflects in certain
specific structural properties of the modal accessibilfgtions in the corresponding frame. The result
we are after is to characterize these properties by meansaftamodal formula schema. So, lettirdg
be an extensive gam@; the corresponding frame and strategy profile of7, the quest is for a formula
schema) (s) such that:

Sc E9(s) iff sisasubgame perfect Nash equilibriumGn

Any such result would show that subgame perfect Nash equitibis a definable property of frames in
appropriate multi-modal languages, be it that the frameapigstion are of a special kind. Accordingly,
we suggest an axiomatization of a multi-modal logic of whiwh semantics is restricted to models based
on the class of frames extensive games define. Soundnessamdeteness, moreover, are proved.
Remarkably, the axioms are nothing much out of the ordinawy @an be bestowed rather intuitive
readings as well. The very austerity of the whole analysidake as something speaking in its favor.
Be that as it may, it accommodates us with a neat modal logieason about extensive games and their
(subgame perfect) Nash equilibria.

2. Extensive Games with Perfect Information

Generally speaking, putting the egg in the pan first and therbttter does not work quite as well as
putting in the butter first and then the egg. The order in whighactions are performed does matter
in some cases. In strategic environments this is no diffefdfhat is more, the order in which agents
can make their choices and moves often makstsadegic differencand as such is something the game-
theorist had better not ignore entirely.

For an example, consider the strategic situation depigtdeigure 1. Here two player&owand
Coal, choose between rowtog or bottorm) and between columnéeft or right), respectively. The matrix
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merely summarizes the payoffs to the players for the diffepmssible choices of action. The figure
bottom left in each quarter indicates the payofRiow the figure top right the one awardedGol. The
matrix is thought of as specifying no temporal structure tsbever; it does not even presuppose that the
players move simultaneously.

In this particular situatioiRowmay be tempted to plalyottom the idea being that this would leave
Col the relatively unfavorable choice between an outcome ofamean outcome of zero. Anticipating
that Col chooses the formeRowmay expect a payoff of ten. In order to deiRowfrom taking this
course of actionCol may threaten to plaleft if Rowwere to playbottom this would result in the worst
outcome for both players. This would forB®wto playtop which guarantees a better outcome @Gwi.
However, if the game structure were such fRatvis (able) to move firsiCol's threats would be rendered
void, provided he is not otherwise committed to choose thiectdumn. If in defiance ofCol's threats,
Rowwere to play bottom anyway;ol would be presented withfait accompliandCol had better make
the best of a bad job and opt for the right colomn after all. iBiry, if Col were to move first a threat
on his part does not make sense either. In that case, hovwevegn secure a more favorable outcome
by choosing the left column. That would leaR®wthe easy choice between a payoff of six or one of
zero. Rowmaking the obvious decision would guarantee a payoff of three, instead of the probable
and miserly one he would have gotten had his initial choieanibght with Rowquite likely seizing the
opportunity and playindpottom This time, howeverRowcan try to achieve a better outcome for both
by promising — and committing herself to fulfill this promise to playtopif Col decides on the right
column.

Figure 1 as such leaves unspecified the sequential strusfire@v the game is played. Above we
gave two possible interpretations, an obvious third woglddoconceive Figure 1 as a fully-fledged game
in strategic forme.g, by assuming the player to make their choices simultangaarsin ignorance of
one another’s. Be that as it may, the point of these reflestimthat the order in which the players make
moves does make a strategic difference. For one thing, tsibiity of making a threat or a promise
may depend on it and in our example even the outcome of the gayeas well. As such, the sequential
structure of game has sensibly been made subject of garaeetivestudy.

One way of making the sequential structure of games exptict mathematically precise manner
is by representing them in their so-callegtensive formi.e., as labelled trees. Play commences at the
root and each edge indicates a possible course of actionplayar. At each node a player is to strike a
decision how to act. The two temporal interpretations ofiFégl can thus be represented as in Figure 2,
below. The vectors at the leaves indicate the payoffs to lngeps, in both cases the first entry being the
payoff Row the second t€ol. Observe that in both cases, there are four strategiesdaettond player
that is to move. In the left picture, each Gbl's strategies has to specify whether to ptaght or left
both if the first player playtop and if she play®ottom

Similar concerns may drive the game-theorist to consideftetsoof game-like situations with even
more structure. In this manner, strategic reasoning maydueed to depend on epistemic features such
as the players’ knowledge of the situation they are in or #leefs they entertain about it or about one
another’s beliefs, preferences and rationality. Or, he w@ysider players that randomize over their
(pure) strategies. In an effort at keeping our logical asialgs perspicuous as possible, however, we will
abstract from these issues and confine our attention to sxéegames in pure strategies with perfect
information, i.e., the players are assumed to play a (pure) strategy with pildigaone or zero and
they are assumed to be fully informed about the game’s sireieind the other players’ preferences and
powers. Moreover, we will assume that only one player canaraiva time and that the games will
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eventually come to an end after a finite number of moves. Weipect to the preferences of the players,
we take into account the ordinal structure they determiree the possible outcomes only, which suffices
for our purposes. In this paper, concerns as to the inten$ipreference as expressible by a specific
rational or real number, do not enter the picture. Also digrding uncertainty on the part of the players
as well as well as mixed (or randomized) strategies, ouryanalare of a strictly qualitative nature. The
following definition makes the notion @fames in extensive formr extensive gamesnathematically
precise.

Definition 2.1. (Games in extensive form of perfect informabn)

A game in extensive fori@¥ is a tuple(V, R, N, P, {pi}ieN), whereV is a set of vertices (or nodes)
and R a relation onV' such that(V, R) is a, possibly infinite, directed and irreflexive tree with rité
horizon,i.e,, (V, R) contains no infinite branches. The root node(Wf R) is usually denoted byy.
Furthermore, N is a non-empty bufinite set of players. The functio® assigns to each internal node
in V the player inV that has to move at. Finally, for eachi in N, p; is a total pre-order (a reflexive,
transitive and connected relation) over the verticeE jispecifyingi’s preferences(v, v') € p; signifies
that: valuesv’ at least as high as. A player: is calledindifferentif p; = V x V andinterested
otherwise. LetZ be the set of leaves @V, R) and let also, for each playeér V; denote the subset of
vertices in whichi is to move,.e, thesef{v € V : P (v) =i}.

This definition differs from more conventional ones in thiag¢ players’ preferences are defined over
all vertices rather than over the leaves only. Although fa@ televant game-theoretical concepts the
preferences over the leaf nodes suffice, we found that dgfipieferences over all vertices is more
convenient for our logical analyses. Note further that taggrs’ preferences over the internal nodes are
independent of their preferences over the leaf nodes. licpkar, they are not assumed to coincide with
the preferences over the internal nodes that backward timduaould give rise to.

An extensive game is a labelled tree, the vertices of whighesent the possible game positions
and the edgesgv,v') are possible actions for the player assigned.toAfter a player has decided to
play along a certain edge and acted accordingly, the ganohesa new game state. In the position
then reached, the game either terminates or is again thenoml# of an extensive game. This idea
gives rise to the notion of aubgame Let G be the gamgV, R, N, P, {p;},cn). For any subtree
(V',R") of (V, R) generated by some vertex another extensive game is obtained by appropriately
restricting the assignment functiai and eacty; to the vertices inV’. For each vertex in V we
define the subgamé;,, as the tuple(V’, R/, N, P’ {p}},.y), whereV’' = {v' € V : (v,v) € R*},

R ={(Wv")eV' xV': (W,v") € R}, P =P | V' andforeach € N, p} = p; n (V' x V).
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Here R* denotes the reflexive transitive closurerf

A (pure) strategyfor a player in an extensive form is a complete plan for thayet to play that
game. As such a strategy has to account for a player’s chatcal$ stages of the game in which that
player is in control. A strategy even has to prescribe a psyations in stages of the game it itself
precludes from being reached. Intuitivelystaategy profiles then a combination of strategies, for each
player one. The set of strategy profiles in an extensive garsedenoted by5, omitting the subscript
where no ambiguity can arise. For our concerns the notiorstbsegy profile is more fundamental than
that of a strategy. We define a strategy profilef an extensive game formally as a function mapping
eachinternal vertex onto a vertex that succeeds.g,, for eachv in V, (v, s (v)) € R. For any pair of
strategy profiles ands’ and for each subset of playet$ we havesé‘? denote the strategy profile that is
like s except on the vertices assigned to one of the playe#$ imhere it takes values froni, i.e., for all
internal vertices» we have:

s’ (v) if P(v) € M,
sy (v) =, _
s(v) otherwise

Also, si, abbreviatesif}. A strategy for a playet is then the restriction of a strategy profile to the ver-
tices in whichi is in control. Accordingly the set of strategies for a playisrdefined by{s [ V; : s € S}.

From each vertex onwards a strategy profilegenerates a path through the game-tree until a leaf
node is reached. This path is given by the sequegce ., v, such thatvy = v, v, is a leaf and for
all0 <i<n,viy1 =s(vy),l.e, the sequence:

wheres"~! (v) denotes the: — 1-fold application ofs to v, e.g, 3 (v) = s (s (s (v))). In this manner
each strategy profile determines for each vertex a uniqgientede as outcome. With each strategy
profile s we accordingly associate autcome functions, which maps each vertex on the leaf it has as
an outcome if the strategy profitds followed iteratively. Formally we define for each stratggofile s

the outcome functiod inductively such that for each vertexin V'

v if v is a leaf,
5(s(v)) otherwise

On this basis the notion of a strategy profile beinjash equilibriumcan be introduced formally.
Intuitively, a strategy profiles is a Nash-equilibrium if none of the players benefits fromlaterally
deviating froms. Since the strategy profiLeg, represents the strategy profile that results uhilater-
ally deviates froms by playing the strategy prescribed to himsdh we arrive at the following formal
definition. Fors a strategy profile in an extensive gad@e= (V. R, N, P, {pi},cn):

s is aNash equilibrium iff ~ forall i € N,and alls’ € Si: (8% (v0),3 (v0)) € ps.

As an individual pendant of Nash-equilibrium we have thecemt of abest response for a playeér
defined for strategy profilesas:

s is abest response far iff  forall s € Sg: (3% (vo). 8 (vo)) € pi.
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Obviously then, a strategy profile is a Nash-equilibriumnifianly if it is a best response for all players.

The notion of a Nash equilibrium entirely focusses on theoues the various strategy profiles
determine from the root. Different strategy profiles mayywaell give rise to an identical path from root
to leaf node — and as such determine the same outcome — drdiffai widely on vertices that are not
on this path. The path a Nash equilibrium determines thrabglgame tree is one unilateral deviation
from which invariably brings no good to the defector. Yethés been argued that if the sequential
structure of a game is taken into account, the notion of Ngsfiibrium fails to make some important
distinctions. Although one could accept — were it only fog #ake of argument — the refusal to defect
unilaterally from the equilibrium path as the very hallmaflgame-theoretical level-headednesf$, the
equilibrium path a Nash equilibrium may strike one as usgatiory. Consider once more the extensive
game in Figure 2 in whiclRowis to move first. We have already argued tRawneed not refrain from
playingbottomeven ifCol were to threaten to choose the left column in that case. $hiadicated by all
strategy profiles in whicRowchoosedottomandCol subsequently playingght being Nash equilibria
in this game. Strategies, however, determine choices épldwyers at all nodes where they are to play.
The node that would have been reached Radvchosentop is no exception. At that node it would be
slightly incomprehensible i€ol were to choose the left column. Still the strategy profile miak Row
playsbottomandCol playsright if Rowwere to playbottomandleft otherwise, is nevertheless a Nash
equilibrium.

As a refinement of Nash equilibrium that however does dodesi the sequential structure of an
extensive game, Selten ([29]) proposed the solution cdnaep subgame perfect Nash equilibrium
Roughly speaking, a strategy profile is a subgame perfedt Hqailibrium in an extensive gané if
it is a Nash equilibrium in all subgames 6f. In the example above, any strategy profile that would
prescribeCol to play left when Row has chosen the top row, would not qualify as a subgame perfect
Nash equilibrium. Formally, fof the extensive gaméV, R, N, P,{p;},. v ), define for each strategy
profile s:

s is asubgame perfect Nash equilibriuifi for all v € V,i € N,ands' € Sg: (8% (v),3(v)) € p;.
As individual pendant of this concept we also introducgibgame perfect best response for a player
as a strategy profile that is a best response; fior all subgames. Formally, a definition is obtained
by omitting the universal quantification over the playerdha definiensof a subgame perfect Nash-
equilibrium.
The following example illustrates the concepts that havenbetroduced so far.

Example 2.1. Figure 3 gives a graphical representation of a two-playenegga extensive form. The
preferences of the players over the leaves are represented ectors appended to the leaf nodes. The
first entry indicates the preferences of Playemd the second those of PlayerThe higher the value,
the more the outcome is preferred by the playeg, (zs, z3) is in the preference relation,, because
two is smaller than four. Playdrhas four strategies at her disposal and Playsik. Accordingly, there
are twenty-four strategy profiles in all, each of which wedate by a four letter subscript corresponding
to the direction the players move at the vertiegsvs, v1 andwvs, respectively. The choices of player
are denoted by capitals, those of plagely lower case lettersk.g, the strategy profilery,, is the
functional relation given b){ (vo,v2), (v3, 21), (v1,v3), (uQ,zﬁ)}. Starting from the rooty, it gives rise
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Figure 3.

to the sequencey, vo, z4 and, accordingly, we have

5roir (vo) = 3grrir (SrRLir (v0)) = Srow (v2) = B3rpw (SrLw (v2)) = 3roir (26) = 2.

This strategy profile, however, fails as a Nash equilibriuRlayer2 could deviate fromsgy;, atwvo
and play! there instead. This would make that;; would be played, yielding, as outcome and
guaranteeing him a payoff gfinstead of). The Nash equilibria of this particular game can be idemtifie
with the following relations on the vertices:

SRLIl = {(00,02%(03721%(1)1,@3)7(@2’24)} SRLrl = {(UOaU2)a(U3azl)a(01723)a(v2az4)}
spru = {(vo,v2), (vs, 22), (v1,v3), (v2,24) } sprrt = {(v0,v2), (vs, 22), (v1, 23), (v2,24) }
SLRIr = {(Ug,’ul),(1)3,22),(’[)1,’[)3),(7)2,26)}

Of these onlysg g is a subgame perfect Nash equilibrium as well. The strategil® s .z, €.0, IS
excluded as a subgame perfect equilibrium since it is notsMguilibrium in the subgame that has
as root.

Obviously, every subgame perfect Nash equilibrium is aldéash equilibrium. An important and
well-known result due to Kuhn ([16]), establishes that g\extensive game (with a finite horizon) of per-
fect information has a subgame perfect Nash equilibriunuie gtrategies. Closely related is the method
of backward inductionwhich is essentially an algorithm providing subgame prtrifiéash equilibria.

Each strategy profile corresponds with a collection of pHifmugh the tree, each of which starts at a
different internal node. In particular, a strategy profilgatmines a path connecting the root with a leaf.
Similarly, strategies can be construed as subgraptig,dt). Another interesting subgraph results if one
takes the union of a strategy profideand the set of edges with the vertices possessed by a (dubk)se
playersM as source. Intuitively, the significance of any such graphas it reflects which outcomes a
set of players can force to come about if they operate intto@land the strategies of the other players
are given. For the game of Example 2.1, this graph for Playand the strategy profilerz;; curbing
Player2’s freedom of action is depicted in Figure 4.
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Figure 4.

To capture this notion formally we define for each strategyfiler s and subset of players/ a
correspondence;; on the vertices such that for all vertices V.

{w: (v,w) €R} if P(v) €M,
sy (v)  =dr, .
{s(v)} otherwise

The correspondence, is obviously monotone i/, i.e., M’ C M" impliessy; C spyn.

Each relatiors; induces a correspondence (set-valued function) on theeeerf the game, which
value is a subset of the leaves of the tree. We define for each andM C N, this correspondencs,,
such that for each € V:

{v} if v is aleaf,
Sy (v) =, .
U{8m (w): wesy(v)} otherwise
We will write 5; for 5,,,. The value the correspondenég, takes at the rooty is the set of outcomes
the players inM can {force to come about by cooperating in the game if the qilagrers adhere to the
strategy profiles. In our examples; (vy) = {21, 29, z4}, wheres represents r;;. Obviously, the more
players inM the larger this set of forceable outcomis, the monotonicity ok, propagates té,,:

M C M implies §,, C 8.

The following fact relates notations and will prove to betjgatarly convenient.

Fact 2.1. Let s be a strategy profile of some extensive gathwith v andv’ vertices therein and/ a
subset of its players. Then:
ve sy () iff forsomes’ €S: s (v)=w.

5’

Obviously in particulag, (v) = {5 (v)} . The set of outcome nodes that can be reached by a strategy pro-
file s with no player possibly deviating clearly contains as ohly €élement the vertex thatdetermines
as the unique outcome.
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3. Describing and Reasoning about Extensive Games

Extensive games are based on trees. A similar remark agplibe players’ preferences as they were
defined over the vertices of the game tree in the previousosecExploiting this relational structure,
we propose a kind of multi-modal language to describe ektergames and reason about them. In
particular, we will argue that such a language can expressh&ha strategy profile of an extensive game
is a (subgame perfect) Nash equilibrium.

3.1. Syntax and Semantics

Our formal researches are conducted within propositionaltirmodal logic. A propositional multi-
modal languag&( A, B) contains a non-empty but countable set of propositionahlibes A along with
a countable set of labelB for monadic modalities. The formulas @ A, B) are thus given by the
following BNF-grammar, withu € A andg € B:

¢ = a| o | poner | [Ble

We assume the set of labdlsto be the union of two disjoint sets and their Cartesian peode., B =
ByUB1U(By x By) with BynB; = @. Moreover,B; will be assumed to be non-empty and finite. Multi-
modal language£(A, B) with B structured thus we will refer to asulti-modal matrix languages

Extensive games are taken as the basis of the frames any autihmodal language describes.
Truth-value assignments to the propositional variablesaah vertex takes care of the interpretation of
the propositional variables and the Boolean connectivegiaen their conventional interpretation. The
labels inBy go proxy for the players of a game. For eaghe By, the accessibility relatiolg runs
along the preference relation of one of the players of theegahis gives rise to the intuitive reading
of [B]¢ as“ ¢ holds in all states at least as preferable it@s the present onefvheres is the player
associated with the lab@. For convenience, the labels 8y are also calleghlayer labels In contrast,
the labels inB; stand for strategy profiles of the gamieA, B) aims to describe. For each lalieke B,
the accessibility relatiom?s is defined as (the graph of) the functiénwheres is the strategy profile
associated with. As suchRjg relates vertices to leaves only, being reflexive at therlattuitively,
[B]e then reads if, starting in the state of evaluation, all players choosdeir strategies as prescribed
in s, the game ends in a situation in whighholds,” wheres is the strategy profile associated wijth
Finally, leti be the player associated with the lalsein By ands the strategy profile associated with
the labels’ in B;. Then, the accessibility relatioR ; 4 connects vertices to the leaf nodes i; (v).
With 3, (v) collecting all the terminal nodes that playeran force to come about provided that the other
players adhere to the strategy profild (53, /')]¢ obtains the informal interpretation tfp holds in all
outcome states that can be reached if at most playgviates frons”

The frames and models for the multi-modal languages aredadlacspecial kind. Rather than tak-
ing into account all relational structures, the formal setita is defined on frames that are structurally
closely related to extensive games. A multi-modal languégé B) is said to befeasiblefor an exten-
sive game? if By is finite and for each of the labels i, there is a player in the game and, similarly,
for each label inB, there is a strategy profilein G. Usually we will assume thaB, is a subset of the
players of the game, anl; a subset of strategy profilés.

The reason for not taking3; to be the whole set of strategy profiles is mainly of a technigdure. Requiring a lan-
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s, —1

Figure 5. Transformation of an extensive game (left) to agfimme (right) with respect to two strategy pro-
files s ands’ and their corresponding accessibility relatioglg and Ry, . In the righthand figure the reflexive
arrows at the leaves are omitted.

The games for whiclC(A, B) is feasible constitute the class of so-calléd4, B)-feasible games
and is denoted by . For £L(A, B) a multi-modal language, we associate with each extensirega
in G a frame as laid down formally in the following definition. Thetion of agame-modeior £(A, B)
is then introduced much in the usual fashion.

Definition 3.1. (Game-frames and game-models)

Let G be anL(A, B)-feasible extensive game given l()y, R,N, P, {pi}ieN). Define the frame§
for £(A, B) as the tuple(V, {Rs} e ), Where for each € Bj and eachs € By, the accessibility
relationsR;, Rs and R; ;) are such that for alf, v’ in V:

vRyv iff (v,v') € p;
vRv' iff v € 84 (v)
vR; v iff W' €5 (v).

On the basis of these definitions we will generally wiiggle and|s; ]y for [s]e and[(4, s)]¢, respec-
tively. The class ofgame-framedor L(A, B) is then given by{§s : G € Gg}. A game-modedn
for £(A, B) is a pair(§, I) where§ = (V. {Rg} 4, ) is a game-frame fo£(A, B) and a function as-
signing to each vertex il a subset of propositional variablesdni.e., I: V — 24. Figure 5 illustrates
the construction of a game-frame from an extensive game.

This culminates in a standard interpretation of formulasiodels.

M, v lFa iff ael(v)

M, v IF—p iff 9,0l @

MolFeAy iff Mol and M, v lF P

M,vl-[Ble iff forall v € V suchthabRgv': M, v IF ¢.

Then I+ ¢ denotes that for all verticesin 901, it is the case thalt, v I ¢. We will usel” Fg ¢ to
signify that in all vertices of all models on ayame-framdor L£( A, B), if M, v I~ for all y in I" then

guagel(A, B) to contain a label i3, for each strategy profile in the game to be described woultbjeize the construction
of the modeDt - in the completeness proof, below. Yet, with respect to egnaprofiles that are represented by a labeBin
the language does not lose expressive power with respedidther it is a (subgame perfect) Nash equilibrium.



292 B.P. Harrenstein et al./ A Modal Characterization of Nashuigrium

alsoMt, v IF . Moreovert, v IF I" andt I+ I" abbreviate for alty in I", M, v I+ v and for ally in I,
M I+ ~, respectively.

The modal semantics of multi-modal matrix languages is tm€ined to models on game-frames,
rather than that it pertains &l relational structures as is common practice in modal logic.

3.2. Characterizing Subgame Perfect Nash Equilibria

A strategy profile may or may not be a (subgame perfect) Nashitmgum. If a strategy profile is a
(subgame perfect) Nash equilibrium in an extensive gaéimthis fact is reflected in certain structural
properties of the fram&. The aim of this section is to characterize these structuragbgaties of a
frame by means of a formula schema in a suitable multi-matfaguage. Fo6& an L(A, B)-feasible
extensive game anda strategy profile of7, what we are after is a formula schemés) such that:

Sac EJ(s) iff sisasubgame perfect Nash equilibriumGn

It turns out that such a formula schema can be obtained ascabkpase of a schema well-known
in standard modal correspondence theory. We say that a f(@(f,r{efig}ﬁeB) for a modal language
L(A, B) — not per sea multi-modal matrix language as introduced in the previswssection — con-
taining &, [, m andn as labels inB for £( A, B) has the(k, [, m,n)-confluence propertif:

forallv,w,z € V: vRyw andvR,,x imply for somey € V: wR;y andzR,,y.

Here the labelg, [, m andn arenot assumed to be necessarily distinct. The following factafproof
of which the reader be referred to [27], then holds:

Fact 3.1. (Confluence)
Let £(A, B) be a multi-modal language containidg/, m andn as labels. Then the formula schema
(k)[l]¢ — [m](n)p characterizes frames fd}( A, B) satisfying the(k, [, m, n)-confluence property.

If R, is taken to be the identity relation on the set of vertiCes/, m, n)-confluence reduces to the
following property, which for obvious reasons we could diébl, m)-Euclidicity:

forallv,w,z € V: vRyw andvR,,x imply wR;x.

As a special case of Fact 3.1 we now obtain as a corollary tlawiiog fact, of which also the direct
proof is elementary:

Corollary 3.1. ForL(A, B) a multi-modal language containitg/ andm as labels, the formula schema
(k)[l]¢ — [m]e characterizes frames fd( A, B) satisfying(k, [, m)-Euclidicity.

By appropriately choosing, [ andm from the labels of a multi-modal languag¢ A, B) a strategy
profile s being a subgame perfect best response for a playea game-frame§ can be characterized
by the formula schemégk)[l]¢ — [m]y. Taking s, for &, 4 for [ and 3, for m, respectively, gives the
desired result. Considering that this schema characsefiagnes satisfyings,, ¢, 54)-Euclidicity this
makes informally sufficient sense:

forall v,v',v" € V: ’URgZ_’U’ andngzv” imply o' R;v".
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In words this formula says that, if play commences at a vertgdayeri values the vertex” that the
strategy profiles determines as an outcome at least as highly as any veértbati can force to come
about by unilaterally deviating from. If this is the case, by deviating fromthe player; will not be
better of than by sticking to the strategy prescribedsbyThe following proposition establishes this
observation as an appropriate basis for the charactenizafithe game-theoretical property of a strategy
profile being a subgame perfect response for a player in a.game

Proposition 3.1. Let £(A, B) be a multi-modal matrix language, |ét be an extensive game @j.
Fori € By ands € By, then:

s is a subgame perfect best response forG iff §¢ is (8,1, $4)-Euclidean.

Proof:
For the left-to-right direction, assume the contrapositive., that3 is not (s, 7,
there are vertices, v’ andv” such that;

34)-Euclidean. Then,

(@ vR; ' (b) vR;z V" (¢) not:v'Rpv".
By definition of § these claims correspond to:
@) o' €3 (v) ) 2" €35, (v) () (v,v") ¢ ps.

With (&) and Fact 2.1 there is somésuch thats, (v) = v'. Moreover, since&, (v) = {5 (v)}, also
§(v) = v". Hence, with ¢), (3%, (v),3(v)) ¢ pi, i.e, s is not a subgame perfect Nash equilibrium
inG.

For the right-to-left direction, assume thais not a subgame perfect Nash equilibriumGn Then
for some vertex, some playet and some strategy profiké, ( (), .§( )) ¢ p;. By definition ofF,
however, bothvR; 8%, (v) andvR; 3 (v). It follows thatFc is not( ,1, §4)-Euclidean. O

Putting things together we obtain the following theorem,ciHays down the results we were after.
Recall that a player is called interested if she values samtges strictly higher than other vertices.

Theorem 3.1. Let £( A, B) be a multi-modal matrix language and tete Gz. Assume thatV/ be a
subset ofBy containing a label for eacimterestedplayer inG. Then, fori a player ands a strategy
profile in G both represented by a label Br?

(i) sis a bestresponse foin G iff  Fq,volk (8;)[i]¢ — [5

(i) sisas.p. bestresponse foin G iff SalF ()i — [8
(iii) s is a Nash equilibrium i@ iff T, volF Ajens ((3:) i — [sQ,]go)
(v) sisas.p. Nash equilibrium i@ iff — FqlF Asen ((3)14]

*Here (3;)[ilp — [Sa¢ and ;¢ 5, ((3:)[i]¢ — [3)¢) denoteformula schemasrather than formulas. Furthermore, ‘s.p.’
abbreviates ‘subgame perfect'.
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Proof:

As all claims rest on much the same principles, we only preenproof for (v) here. For the left-
to-right direction, first assume that the formula schefyja,, ((3;)[il¢ — [34]¢) is not valid inF.
Hence, for some player and some formula we havegq ¥ (8;)[il¢ — [54]¢. Consequently, the
formula schemds,)[i]¢ — [34] is not valid inF either. In virtue of Corollary 3.1, the,; does not
satisfy (3,, 4, §4)-Euclidicity. With Proposition 3.1, ther is not a subgame perfect best response ,for
and,a fortiori, neither a subgame perfect Nash equilibrium.

For the opposite direction, assume for some vettesome playeli and some strategy profil€,
that (8%, (v),8(v)) ¢ pi;. Observe that this rendeisan interested player. An easy little inductive
argument, which we will leave to the reader, establishes $hdv) € 3, (v). Hence, by definition
of §¢ botthgi.éi, (v) andvR; 3 (v). It follows that§ is not(3;, 1, 34)-Euclidean. Hence, the formula
schema(s;)[i]¢ — [34]¢ is not valid ong; anda fortiori neither the formula schemp,,, ((3;)[il¢ —
[85]¢). This concludes the proof. O

For each label € B, and each label € B; we refer to the axiom schem;)|[i]¢ — [$4]¢ by 5, ; and
to the axiom schemA,;,, ((3,)[ile — [55)¢) by 55”.

4. Axiomatization

This section concerns a humber of axiom schemas for multialnmatrix languages. In terms of these
we introduce particular extensive game logiesk5; ; and F5§V[, and discuss a number of completeness
results, in particular that df with respect to the class all game-models. For the technical details of
the completeness proofs the reader is referred to theirsgiqoin the appendix to this paper.

4.1. The Axioms

For a multi-modal matrix languag& A, B) we have the following axioms. We assumg?’, 8", andg”’
to range over the whole d8, 5, andg; over By, ands; and| overB.

Taut.: any classical tautology.

K:  [B(e = %) = ([Ble = [B1%)
Tso:  [Bole = ¢
45,0 [Bole — [BollBole

]

Flge.5).0 0 [(Bos B1)lep — [Bile
F25060).8,,80° (B0, BUN(Bh: BN < )
F3s,5 .00 8m6,0  1BIB1([Bole — v) Vv [B”1B"1([Bo]vb — ).

The logicF is closed under the rules ofodus ponenéMP) andnecessitatiorfNec):

[
[
[
Dl : [Bile < (Bi)p
[(
[(

%
mp, PZY ¢ Nec.: —2—

P [Bly
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The Hilbert-style axiom system given by these axioms anésruwle will refer to as the normal modal
logic F. Any multi-modal logic containings we will refer to as arextensive game logié&ccordingly, F
is the smallest extensive game logic, in a similar mannét ssthe smallest normal modal logic.

Definition 4.1. (Extensive game logics)

An extensive game logie for a multi-modal matrix languagé(A, B) is any set of formulas of (A, B)
closed undeMP andNec.and containing all instances of the axiom schemeBaot, K, 45,, Tg,, D!, ,
Fl(ﬂo;ﬂl),ﬁl’ Fz(ﬂo,ﬁﬂ,(ﬂé,ﬁﬂ) andF3ﬂ’ﬁljﬂ//”@m”@0. We will write I" 4 @) if there exists a derivation qcﬁ
from the theoryl’ in an extensive game logid, as usual. The smallest extensive game logic we will
refer to byF.

At the conclusion of this section we will come to review alke stronger extensive game logics than
F, viz, the logicsF5,; and F5§V[. The former ha$, ;, for fixed s andi, as an additional axiom and the
latter 5} for a particular subse¥/ of j.

Within the setting of extensive games and the intended pregaition of the multi-modal matrix
languages, the axioms throughF3s 5 3/ g g, have quite intuitive readings. The axioffigut.andK
along with the two rules fomodus ponen@viP) and necessitatiodNgc) guarantee extensive game logics
to be normal logics. With the accessibility relations foe timnodal operators with labels iy running
over the preferences of players in an extensive gdimeand4s, warrant the players’ preferences to be
reflexive and transitive. The axioRBs 5 5 g g, iS sound in virtue of the players’ preference relations
being connected. Within the more comprehensive settingeakeral Kripke frames connectivity of a
relation is not characterizable by a formula scheme. F83ts 5/ 5 5, Nnevertheless succeeds in doing
so here is due to the fact that the semantics is restrictdtetolass of game-frames, for which we may
assume some additional structure. Observe that in virtGawtf, Tz, andF3g 5 g7 g g,, We can derive
the following axiom in each extensive game logic:

Fas 6, [B1(IBole = ) V IB1([Bo]v — ).

The labels inB; represent strategy profiles and in particular their outctumetions. The accessibility
relation Rg, connects, for some strategy profileany vertices» andv’ such that’ = § (v) and as such
is the graph of a function. Hence, AxioBl 3 . Axiom F1s, 5 5, Characterizes the inclusion of the
accessibility relation?s, in R g, 5,). The intuition behind this lies in the observation that aoycome
that is determined by a strategy profile can also be reactatkibf the players has the option to deviate
from that strategy profile; the player in question may chaosadhere to the strategy profile after all.
The labels inB x B, represent the correspondenée$or strategy profiles and players. The value of
any such correspondence is a set of leaf nodes, from eachidf whly the leaf itself can be reached. It
is exactly this fact thak2 s, 5,y (s, 5,) reflects. Observe that as a consequende2pf; 5,y (s .5,): D!s,
andF1g, 5,),5, We can derive the following more general axiom schema, irciwboths andg’ range
over labels in eitheB; or in By x Bj:

FSs = 6] (8¢ © ¢).

Note that the schemie5; 5 does not hold in general i or 3" are inBy.
The cogency of these informal remarks are vindicated inaleviing proposition, which formally
establishes the soundness on game-frames of the axiomestiaqu
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Proposition 4.1. (Soundness)
The axiomsK thoughF3; 4 3, in a multi-modal languagé€(A, B) are valid on all of£(A, B)'s game-
frames.

Proof:

For ordinary multi-modal frames the axiorilg and4s characterize reflexivity and transitivity atgs,
respectively. SimilarhD!; characterizes functionality dts andF1; 5 the inclusion ofRg in Rgz. The
axiom schem#2; g characterizes frames in whidky is the identity at every vertexthat is reachable
by R, i.e., frames for which:

forallv,v' € V: wRgv' implies forallv” € V: o' Rgo” iff o' =",

Finally, F35 5 g s g, — 818" ([Bolee — ) V[B"]18"([Bo)s> — ) — characterizes frames in which
any two verticesy andv’ are comparable with respect Ry, if the one is reachable from from some

third vertexv” via Rg o Ry and the other from the same verteékvia Rz o Ry . 1.e., more formally,
F33,4 g Characterizes frames in which for all vertices’, v":

" or v" R’ 3

if for somew’,w”: URﬁwlRﬂlvl and ’URﬂH’U)”R/g/NU” then UIRgOU
All of the above are results of elementary modal correspocel¢heory.

Since the game-frames fd{( A, B) are special cases of ordinary multi-modal frames and the con
nectives obtain their usual Boolean interpretatidast, K, MP andNec.hold without ado and it suffices
to show that the propertiegs, throughF3; 5 5+ characterize in ordinary frames are satisfied in the
game-frames fo£(A4, B).

The players’ preferences were assumed to be reflexive,itivenand connected and fortiori so
are Ry, for eachfy € N. This takes care of the soundnessTgf, 45, andF3g g g g g,. Strategy
profiles determine a unigue leaf node as outcome. Formahgdch strategy profileand each vertex,

55 (v) = {5 (v)}, which renders functional the accessibility relatily, for eachp;. Hence,D!g, is
valid in game-frames as well. In virtue of the monotonicifysg, (cf., page 289), we have in particular
thats, C 3;. Hence, alsdis, C Rg, 5,) forall 5y € N ands, € S. The validity ofF1s, s,) s, follows.
Finally, for F2(4, 5,805, it Suffices to show that for all strategy profilesnds’ and for all vertices
andv’ in a game-treey’ € 3; (v) implies s, (v') = {v'}. Merely observe that in genergl(v) C Z and
that for all leaves: € Z we have thas} (z) = {z} by definition. O

For easy reference we have collected all axioms that havardmefn dealt with in Table 1, where the
labels are chosen in such a way as to reflect their intendee-gfaworetical readings as suggested in
Definition 3.1, abovel.e, typical elements oB3y, B, and B, x B; are taken to be, respectively,s,
ands,.

4.2. Completeness

This section concerns some completeness results for teesixé game logics, F5;; and F5§V ina
multi-modal matrix languagé(A, B). The extensive game logfcis complete with respect to the class

3This property is a close multi-modal relative of thatmiécewise connectednesg Kripke frame is said to be piecewise
connected if for all vertices, v' andv”, vRv' andvRv"” implies either’ Rv"’ orv”’ Rv'.
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Taut: any classical tautology.
K: [Bl(e =) = ([Ble = [Bl¥)
Ti: [de—o
4i: [ilp = [illile
5.0t (8)lile = [3g]
57 Niewr (1o = [3ale)
Dls,: [8glw < (3009
Fls 5,0 [8ile = [80le
F25 50 [3)([8)e < @)
F3s,66m i [BB1([e — ) v [6"16"1([i]y — )
Fadspri: [B]([ile — ) v IB([d]y — »)
F5: & [8x]([8%]e < ¢) whereX,Y € N U {g}

Table 1. List of axiom schemas for multi-modal matrix langes (A, B), whereB = NUSU (N x S) andj
and its primed varieties range ovBr

of all game-models,e., for all formulasy and theoried” of a multi-modal matrix languagé(A, B) we
have:

I'Eg ¢ implies I'Fg .

Similar results can be obtained for the logids andF5§V (for fixed labels ands, and N the whole set
of player labels of the respective language). The formeoisplete with respect to the class of game-
models built on games in which the strategy profileontains a best response for playeihe latter is
complete with respect to those models that are based onsastegames in which is a subgame perfect
Nash equilibrium, provided tha¥ contains a label for eadhterestedplayer,i.e., a player valuing some
possible outcomes strictly higher than others. In the agipeto this paper we give the full proofs of
these claims. Still, some remarks as to their structure andexjuences are in order.

In order to prove completeness of an extensive game légiith respect to a certain class of game-
modelsC, it suffices, by a standard argument, to construct for e&aonsistent theory” a game-
model that satisfieg” at some vertex and prove this model to be in the classThe main problem
in proving completeness for an extensive game lagjits in the construction of a moda)‘tjp1 for a
theory I” that is consistent ifr. In particular, it should be guaranteed that this mdmjl is agame-
modelin the sense of Definition 3.1g., that the frame underlying)tfl is based on an extensive game.
Although the axioms oF, F5; andF5§V are all of a standard nature, it is not obvious, however, hdret
a canonical model that would result in a standard Henkilegiyoof —i.e., a model satisfyingeach
A-consistent theory at the same time — is indeed based on a-fyame. A proof of this is likely to
become complicated if not impossible because the struciuaecanonical model is pretty much fixed.
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A construction method, in which for eachrconsistent theory” separately a modémfl satisfyingI"
is defined, affords more control over the structure of the ehtwlbe built. In particular, the process of
constructing the modebt,- for a theoryI” can be made go hand in hand with the construction of an
extensive gamé& - underlying®t . As such this method of proof is more natural for our purposes
For anF-consistent theory, any model satisfyidgwill do, provided it be agame-model In the
appendix we show how from arfi-consistent theory, a game-modm}‘ can be constructed that sat-
isfiesI'. This construction can be extrapolated as to apply to extergame logics in general, thus
providing a game-modebt;! for eachA-consistent theory”. For the completeness &b, ; andF5
it has additionally to be proved that the models this cowsiva gives are in the appropriate class of
models. l.e,, for F5; 5 it has to be shown that for eadtb; ;-consistent theory” the modelm‘t;si’s is
based on an extensive game in which the strategy profitntains a best response for playein the

case oiFSﬁV, similarly, one should show that, in the extensive game tyidg a modelﬂ)‘t?fy, for each
interested player for B52 -consistent theory”, there be a label iV, and, moreover, the strategy profile
denoted by the label is a subgame perfect Nash equilibrium.

The appendix describes in detail the construction of theegamdel 93‘(}‘ for eachA-consistent
theory I'. Here, we confine ourselves to pointing out that in order targuotee that))‘tjp1 be agame-
mode] in the same process also an extensive géhes defined which underliet?, i.e., the game-
model9t: is defined as a model on the game-fragee.. The modetis! is then shown to satisfy the
theorylI at the root.

The completeness &f with respect to all game-models then follows by a standagdraent. For,
assume for an arbitrary theofyand an equally arbitrary formulathat” ¥g ¢. Then,I" U {—¢} iSF-
consistent. Consequently, the game—m(m@‘}lu {~p) 8S defined as above, satisfies the thdowy{—¢}
at the root, thus establishing thBt# . With soundness df already having been proved, we have the
following theorem.

Theorem 4.1. (Completeness df)
Let I" be a theory ang a formula in a multi-modal matrix languag¥ A, B). Then:

F"F(p iff FIZF(p

For the completeness Bb, ;, it should additionally be proved that for edé$ ;-consistent theory’
in the extensive gam& -, on which the game mod@l"t;‘r’s’i is based, the strategy profile (denoted by)
contains a subgame perfect best response for player (debpté In the appendix we show that this is

actually the case, giving rise to the following theorem.

Theorem 4.2. The logicF5; ; is sound and complete with respect to the class of game-fr&uié on
extensive games in whichis a subgame perfect best response for player

Similarly, if I" is anF52 -consistent theory, for all interested players of the gﬁ\;feunderlyingm‘t;52
there is a label inV. Moreover, the strategy profile representedshyg then a subgame perfect Nash-
equilibrium inG . Hence also:

Theorem 4.3. The IogicF5§V in £(A, B) is sound and complete with respect to the class of game-frame
built on games in whicls is a subgame perfect Nash equilibrium and in which there &allin N for
each interested player.
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As an immediate consequence of these completeness resdltieafact that in any derivation of a
formulay from a theoryl™ in an extensive game logid only a finite number of formulas can occur, we
have that each of the logi¢s F5, ; and F5§V is compact l.e., for each theory” and each formule, if
I' 4 o then there is &inite subtheoryl, of I" such thatl, F 4 ¢.

For I' a A-consistent theory in a languagg A, B), the gameG - has in general some noteworthy
properties. In particular, the depth of the gaGig — i.e., the length of the longest path in the game-tree
connecting the root to a leaf — does not exceed the numbemgéplabels inf(A, B) plus two,i.e,,
|INV]| + 2. Moreover, the players are assumed to play in a fixed orddrpareach path in the game-tree
from the root to a leaf, each player represented by a lab®l moves at most once and any other player
at most twice. Also, the number of players in each ga&heis always one greater than the number of
labels inV.

Corollary 4.1. LetG be an extensive game of perfect informat@mwith NV the set of players and I¢t
be a theory in a feasible multi-modal matrix languatiel, B) with N the set of player labels. Assume
further thatl” is satisfiable in a model ofi;. Then there is an extensive game of perfect information
a game-model on which also satisfiesind which game tree has a maximal depth&f| + 2 and which
players numbel| N|| + 1. Moreover, in each play af’ each player represented by a labeNnmoves
at most once and any other player at most twice.

This corollary says, roughly, that one can confine one’'snatie to games of a limited depth when
studying finite extensive games with respect to properfiegtensive games expressible in the respective
multi-modal matrix language.

5. Characterizing Nash Equilibria in PDL

In Section 3, we argued that the structural dependenci¢sobitain between the players’ preferences
and their strategies when a strategy profile is a (subganfieghelash equilibrium can suitably be char-
acterized by means of multi-modal matrix languages. Sontheofabels of a multi-modal matrix lan-
guageL(A, B) represent a strategy profdeand are interpreted as the grapt$gf These labels, however,
have no further internal structure, and consequently ieri@evaluate a formula of the forf#,]y, one
needs to calculate, independently of the semantics, the ek, (v) in the game under scrutiny. This is
a plain game-theoretic task. A similar remark applies toetraduation of formulas of the foris;]¢ in a
vertexwv, which requires the calculation of the valuespfv). Much of the game-theoretical burden has
thus been put on thiaterpretationof the multi-modal matrix languages on the models. Puttistightly
differently, the transformation of a game to a game-franggires extensive game-theoretical reasoning
on the meta-level.

For an illustration of this point consider once again the gathExample 2.1, above. L&A, B)
be a feasible multi-modal matrix language containing allabfer the strategy profil&gy;. In order
to evaluateg.g, the formula of the fornjs,|¢ at a statey in a model on the corresponding frame, one
should investigate whether holds in all vertices ir§, (v). The reIationRgz, however, is taken to be
semantically primitive and to establish th@tR§2z5 but that notws Rs, zo the semantics is of no further
help; these facts have to be obtained independently at thee leneel of reasoning.

In the dynamic language &fropositional Dynamic Logi¢PDL) the set of labels have a richer struc-
ture giving rise to a highly expressive modal logic. Expiatthis structure and expressive power some
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of the game-theoretical burden can be shifted from the inébimeta-level of reasoning about the model
and the interpretation to the logic itself. We will find thaetrelations corresponding f9 and s, are
the accessibility relations associated with labels degatomplex programs which allow for further se-
mantical analysis. Also the way a frame for an appropriateadyic language is manufactured from an
extensive game will be more direct and will preserve mordieftieelike structure of an extensive game
than was the case for multi-modal matrix languages (for lastitation of this point compare Figure 5,
above, and Figure 6, below).

This section concerns a class of two-sorted multi-modajuages’(A, B), whereB is the union
of two disjoint setsBy andlg,, wherellp, denotes the set #fDL-programs over a s€#; of atomic
programs. Also this set of atomic programs we assume to be the union of two disjoint sétg
andBj;. Consequently, the formulas and programsr of such a languagé(A, B) — which we will
call dynamic multi-modal languages- are given by the following BNF-grammar, withe A, 5y € By
andp; € By

¢ = a| =@ | woAer | [rle | [Bole
T ou= [ ‘ T3 M1 ‘ mo U m ‘ 7t ‘ 7.

Extensive games are again used as the basis for the modelidnsuch languages are interpreted. The
propositional connectives and the program operators roltegir usual informal readings of negation
(=), conjunction {\), sequential composition)( non-deterministic choicel), iteration () and test ().
We also have the usual abbreviations, in particular thatiafile ¢ do 7w od” for “ (p?;7)*;—¢". The
labels inB, go proxy for the players of a game, giving rise to the infornealding of|:]¢ as* ¢ holds in

all states at least as preferable t@s the state of evaluationas before. The atomic programsih are
interpreted as a subset of the edges of the game-tree. Eanltgtrograms € By is associated with a
playeri and runs along those edggs v') of whichv is assigned to the player So, intuitively, [51¢]¢,
with ;¢ associated with player, reads'if 7 is to move, therp holds at the next stage of the game no
matter which strategy decides to act upon.The atomic programg;; in By, are each associated with
a strategy profile. Informally, [511]¢ holds at a vertex if ¢ holds at the next stage the game will be in
if the strategy profiles is adhered to.

As before, we use the set of extensive games to define the aldssmes and models for such
a language. We will assume for each labelBp there to be a player in the game, and a one-one
correspondence betwedpy and the set of label®;,. Usually we will identify By, with a subset of
players of the game£( A, B) means to describe. The atomic program thus associated pidlyer: will
be denoted byr(z). In a similar, fashion we will assume that for each labeBin there is a different
strategy profile of the game in question. kaa strategy profiler(s) denotes the label i, it is thus
associated with. These conditions defieasibility of dynamic languages(A, B) for extensive games.
We now define formally:

Definition 5.1. (Dynamic game-frames and dynamic game-mod

Let £(A, B) a dynamic multi-modal language. Létbe an extensive gan(é/, R,N, P, {pi}ieN) for
which £(A, B) is feasible. Define thdynamic game-framgtPt as the tuplg(V. {Bs} e ), where for
eachi € By, eachr (i) € Byo and eachr(s) € By, the relations;, R, ;) and R, ) are such that for
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- —= =m(s,2) - (s 1)

Figure 6. Transformation from the extensive game in Figute & dynamic game-frame (left) with respect to
two strategy profiles ands’ and their corresponding atomic program(s), =(s’), 7(1) and=(2). The righthand
figure shows the programgs, @) andr(s’, 1). Note that these can Bderived” from the lefthand figure, whereas
in the multi-modal framework these relations were pringtiv

allv,v' e V:
vRyv  iff (v,v') € p;
vRv'  iff P (v) =14 and (v,v') €R
VR v iff s (v) =0
If formal rigor permits we will often omit the superscripDL for esthetic reasons. dynamic game-
modelMt for L(A, B) is defined as usual as a p&¥, 1), whereg is a dynamic game-frame fdl{( A, B)
andI an interpretation function for the propositional variabie A. Figure 6 illustrates the transforma-

tion of an extensive game to a dynamic game frame.
The evaluation of formulas inRDL-model is then as usual.

M, v lFa iff ael(v)

M, v IF—p iff 9ol @

MolFeAy iff 9ol and M, v lF P

M,vlF[Ble iff forall v € V suchthabRgv': M, v IF ¢.

A PDL-model is said to beregular if program connectives;”, “U”, “x” and “?” have their intuitive
interpretations osequential compositigmon-deterministic choigéateration andtest respectivelyj.e.,
if the following conditions are fulfilled:

R xy = Ry oRg,
Ry umy, = Ry URg,
Ry = (Rx)"
Ry = {(v,v): MvE p}.

HereR,, o R,, denotes the relational composition Bf, andR,,, and(R, )" is the transitive reflexive
closure or ancestral k. In the sequel we will assunfeDL-models to be regular.
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The important thing to observe in this definition is that theessibility relations?;, R ;) and R )
can be read off from the extensive game specification almusigidiately. In particular, the construction
does not invoke the correspondenégands, for the interpretation of the atomic progams.

Theorem 3.1, above, showed that subgame perfect Nashieigudre characterized in multi-modal
matrix languages by the axiom schem\a. y ((3;)[{]¢ — [34]¢). The dynamic modal languages of
this section do not possess the modalifigg and[s;] explicitly. However, for each dynamic modal
languagel(A, B) they can be defined implicitly as moleculDL-programs. Let be a label inBy;
representing a strategy profile and {e’t], e ,im} be a subset of labels iB, denoted byM. Then,
introduce the following abbreviation:

(s, M) =g while (m(s))T do m(s)Um(ig) U...Um(iy,) od.

We will write 7 (s, %) for n(s,{i}). The idea is then that the programts,i) performs the same task
in PDL as the labek, in the multi-modal languages, and, similariys, @) is the dynamic counter-
part of the multi-modal labed,. Construed as a program(s, M) performs non-deterministically one
of the programsr(i) or 7 (s), as long asr(s) is enabled. Given the informal readings of the atomic
programsr(s) andw (i) have in the dynamic game-modeigs, M) also allows for a rather more game-
theoretical interpretation. The accessibility relatiBn, ,;) connects vertices with leavesz of the
game tree, wheneveris a possible outcome state if play is commenced and the strategy profile

is adhered to by all players, with the possible exceptiorhefglayers inM. Formally, the following
proposition vindicates this intuitive interpretation.

Proposition 5.1. Let G denote the extensive ganf¥, R, N, P, {p;},. ) and let beF¢ be a dynamic
game-frame for a feasible dynamic multi-modal langu&@d, B). Let furthermoreM C By ands €
Bi1. Then for all vertices, v’ € V:

VR a0’ iff 0 € 8y (v).

Proof:
Consider an arbitrary modé&n on §¢. Define theheightof a vertexv in (V, R), denoted byhgt(v),
inductively as:

0 if vis aleaf
hgt(v) =t _
1+ max{hgt(v') : (v,v') € R} otherwise

The proof is then by induction dmgt(v).

For the basis assuntgt(v) = 0. Thenw is a leaf and we have,, (v) = {v}. Sincev is a leaf
there is na’ such thats (v) = +" and accordingly)t, v ¥ (7 (s)) T. Hence, the guard of(s, M) is not
satisfied ab andv R, pr)0'" if and only if o' = v, which proves the case.

For the induction step létgt(v) = n + 1. Thenw is an internal node and by definition of a strategy
profile there is some’ such thats (v) = o/, which makes that the guard af s, M) is satisfied av.
Hence for all vertices’':

!

VR (s 0y I OR()Ur(io)u. Un(im )im(s,00)0 1T ORz(9)Um(io)U.. U (i) © Brn(s,a)?'-
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Now, eitherP’ (v) € M or P (v) ¢ M. Ifthe latter, for nai € M there is " such thav R ;)v". Hence,
for an arbitrary vertex", we havev R ()ux(iy)u...ur(i,,)v" if and only ifv R ,)0". Consequently also,
VR (50" if and only if v R (5) o Ry r)v”. Now consider the following equivalences:

VR (5, 1)V iff p vy ¢ 01 VR (s) 0 Ry(s,m)'
iff for somev”: vR; (0" Ry 0y’
iff () 5 (v) Re(s a0’
iffin. v' €8, (s(v))
iff () v e s, (v)

The induction hypothesis is applicable because obvioagtys (v)) < hgt(v). Observe further that in
virtue of Definition 5.1,0 R (,v" if and only if v" = s (v); whence the equivalence marked with the
asterisk. The inference step indicated with the doublerigktes valid in virtue ofsy, (v) = {s(v)},
because’ (v) ¢ M, and thereforg,, (v) = U {5,, (w) : w € sp (v) } =3, (s(v)).
In the former case in whicl (v) € M, leti denoteP (v). Then, also becauseR(,)v" implies
URF(Z')U”:
VR (s un(io)u..Un(in)?V If VRzgur@v”  iff vR0"

Now consider the following equivalences:

vRysanv" ffpwy =i R 0 Ry’
iff for somev” : vR ;0" Regs a0’
iff () for somev” € sy (v) 1 V" Ry(s pn)0’
iff i n. for somev” € sy (v) : v' € §,, (v")
iff v'GU{éM (0") : V" €sp(v)}
iff v €8, (v).

The induction hypothesis is applicable because fos'alt s/ (v), it is the case théigt(v”) < hgt(v).
Here, the inference step marked with the asterisk holdsrimeviof Definition 5.1 and the definition
of sy (v) on page 289, above. O

The construction of the framegM™- and F¢°" from an extensive forn@& guarantees that if the one
satisfieq(s;, 7, §4)-Euclidicity, the other satisfies satisfies(s, ¢), i, 7(s, @))-Euclidicity andvice versa

Corollary 5.1. LetG be an extensive game and consider the game-f@it€- for a multi-modal matrix
langaugel(A, B) and the dynamic game—franﬁ’;DL for a dynamic languagé&(A’, B'). Assume that
B, = B|, and thatB, = B/,. Then for arbitraryi € B, ands € By:

FUML satisfieq(s;, 4, 8,)-Euclidicity iff FePt satisfie(n (s, i), i, 7(s))-Euclidicity.
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Proof:
Consider arbitrary vertices and+’ in the extensive gamé'. First observe that R;v’ in SE"ML if and
only if vR;v" in FEPL by definition of game-frames and dynamic game-frames. Als&t C {i}:

/s MML ! a H H PDL
URgX’U In SG iffper 31 0 € Sx (’U) iff Prop. 5.1 URr(s,X)S n SG .

Hence, in particulari; ) = R, (s g) andR;. = R, ;). The claim then follows immediately. O

In virtue of this observation we now have the following réswhich states that subgame perfect
Nash equilibria can be characterized in dynamic multi-nhéalaguages in much the same manner as
that was the case for multi-modal matrix languages.

Corollary 5.2. Let L(A, B) be a dynamic multi-modal language and &tc Gg. Assume thatB,
contain a label for each player (8. Then, fors a strategy profile itz that is also a label i®3, andM a
subset ofBy containing a label for each interested playeof

sisas.p. Nash equilibrium i iff  Falk A, ((w(s,0))[i]e — [7(s, D)]p).

Proof:
Almostimmediate from Theorem 3.1, Proposition 5.1 and #meantics of multi-modal matrix languages
on game-frames. Consider an extensive géhas well as the following equivalences:

sis as.p. Nash equilibrium  iff, 3.1 FEMEIE Aiear (Ga)lile = [35)%)
iff forall i € M: FUMLIE (3)[ile — [35]p
iff forall i € M, gMML satisfieq(3,, 1, 8,4)-Euclidicity

iff coron. 5.1 for alli € M, §PPL satisfieg(n (s, 4), i, 7 (s))-Euclidicity
iff S IF Nieas ((m(s,0)) il — [n(s,2)]g).

This concludes the proof. O

A dynamic game-frame of Definition 5.1 reflects the structfréhe underlying extensive game in
considerably finer detail than the game-frame of Definitioh des for the same game. This feature,
however, comes with a vengeance in that it imposes heavigiiregnents on the models to be con-
structed in a Henkin-style completeness proof. The isste asomplete axiomatization of the dynamic
framework with respect to dynamic game-frames we leave apan question.

6. Conclusions and Other Topics

In this paper we proposed the use of multi-modal matrix laggs for the formal description of a class
of extensive games. The games in this particular class dlaHfmite horizon and assumed perfect infor-
mation on the part of the players. By focussing on such adidhdlass of games, the correspondences
between the games and the logic could be kept relativelylsimipdependent issues were left out of
the picture, so as to emphasize the fundamental idea of hatalnfenguages can be used to describe
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extensive games. Thus, the analysis passed over funddrgama-theoretical topics such as coalition
formation, mixed strategies and repeated and infinite gaimesrporation of these issues in the present
framework warrants further investigation. Still, a propreratment would quite likely demand consider-
able extensions of the languages presented in this papecigbmention should be made of imperfect
information and related epistemic issues, as analysesmflkdge and belief using modal logic have
been firmly established within the field of Artificial Intajience. Incorporation of epistemic logic in the
present framework may lead to a more comprehensive anallisesconcomitant complications should
not be shunned.

The multi-modal matrix languages were especially desigoedeal with (subgame perfect) Nash
equilibrium in pure strategies. Its expressive power istkohto preferences ariddividual divergences
from a strategy profile. The characterization of other ganemretical notions — such @areto effi-
ciency dominanceas well as the various refinements of Nash equilibrium as tiase been suggested
in the literature — may require (slightly) more sophistezhiconcepts. More structure of the extensive
games is preserved in the dynamic game-frames. Accordinglymay expect more from the dynamic
language oPDL as to expressiveness with respect to other game-thedretioeepts than Nash equi-
librium alone.

These considerations put in perspective the multi-moddtixnenguages as we proposed to use
them in the description of extensive games. They should bynaans be taken as a proposal for a
comprehensive and ultimate logical language for the detsoni of extensive games. Rather, we meant
to expose some of the structural properties of extensiveegamhich render some strategy profiles to
be (subgame perfect) Nash equilibria. The fact that theepepties are characterizable in quite an
inelaborate formal language, says something fundamelntaitéhe elementary nature of Nash equilibria
and the expressive requirements for a language to charactbem.

A. Completeness of Some Extensive Game Logics

This appendix concerns the completenesis wfth respect to the class of models based on game-frames.
On the basis of this proof we can also demonstrate complegesfehe logics 5, ; andF5§V with respect
to the class of models on game-frames in which the strategfjleos contains a subgame perfect best-
response for Playérand those in which is a subgame perfect Nash-equilibrium. Before enterindhen t
formal elaboration, we first devote some more or less infbreraarks as to the structure of the proof.
The semantics for the multi-modal matrix languages is bageithe notion of a game-frame. These
game-frames constitute a proper subclass of the relatsmnedtures, also known as Kripke frames, multi-
modal languages are commonly interpreted in. We prove catepdss of the multi-modal logke with
respect to the class of game-frames as introduced in Defiriil:

I'Eg ¢ implies I'Fg .

By a standard argument it suffices to demonstrate that faydweonsistent theory there is a model
on a game-frame that satisfies it. At page 298 we argued thatuild be natural to adopt a method in
which for eachF-consistent theory separately a game-mmé?r is constructed which satisfids at the
root. With a slight variation in the notion of consistency @ayed, this construction also provides a
game-model for any other theory that is consistent in angragiRtensive game logic, &ds the smallest
(or weakest) extensive game logic. For completened$pf and F5§V , however, it has additionally to
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be proved that the models this construction yields are irafigopriate class of modelse., for F5;

it has to be shown that for eaétb; ,-consistent theory” the modelm‘t;si*s is based on an extensive
game in which the strategy profilecontains a best response for playem the case of 5%, similarly,

one should show that, in the extensive game underlying a hmtféN for each interested player for a
F5§V -consistent theory’, there be a label iV, and, moreover, the strategy profile denoted by the label
is a subgame perfect Nash equilibrium.

For each extensive game logicin a multi-modal matrix language and each thebrye construct
a modetnt4, omitting the superscript when clear from the context. Lef be an extensive game logic
and" be aA-consistent theory in a multi-modal matrix languagfed, B). The main burden will be on
guaranteeing that the mod®i - be an actual game model. For eatitonsistent theory’, therefore, we
construct a modelt; along with an extensive gan@,;. A game-frame§g,. based on this gam&'-
then underliet,. In an effort to avoid double subscripts, for eadfconsistent theory™ we will
denote the fram@g, by /.

In the construction of the game-mod®k -, we first define a labelled tre& - consisting of a tree
X' and a labelling functio® ;- assigningA-consistent theories to the verticesiy. In particular,8,
assigns a maximal-consistent extension df to the root ofX';. The set of vertice' ;- is not entirely
independent of the labelling functidt- since it may depend on the theory assigned to a particultexer
whetherX r should also contain another vertex. For this reason, inoluc relied upon in the definition
of .. This treeT . contains sufficient information for the definition of a fulliedged extensive game
denoted byGr as well as that for the game modBk; based orGr. The tree on whiclGr is based
is given by’ ;.. The number of players iGf; turns out to be one greater than the number player labels
in £(A, B). Also which player is to move at which node depends on thesire of X' Finally, the
players’ preferences over the vertices Bf- are derived from the theories the labelling functi®n
assign to the vertices &@'r.

The vertices of the tre&’;» are chosen in such a way that appropriate strategy profil€s;ircan
easily be recovered to serve as the interpretations foratheld inB; of L(A, B). This makes that by
Definition 3.1 the extensive ganm@ defines unequivocally game-frameg,. A suitable valuation
function I for & is found by another appeal to the labelling functi®p of ¥,: Let I map each
vertexv of §r onto the sel{a €EA: a€bp(v) } Then definedt, as the very model o with
I as valuation. The vertices & and9)t, coincide and we will prove that any formula in the theory
associated with a vertexin ¥, i.e, the theory8, (v), is satisfied av in 2t,. Because irg the
root is decorated with a maximal-consistent extension df, we may eventually conclude thait,
satisfies/” at the root node. The dependencies of the various elemetiis obnstruction ofJt— viz,
T, G, §p andM itself — are as depicted in Figure 7.

We begin the formal exposition by making some harmless bhuterdent assumptions. We assume to
be working in a countable multi-modal matrix languagfel, B) with B = NUSU(N x S). Let further
assumeN to be given by a finite initial segment of the positive integée., N = {1,...,n} C w
with n the number of player-labelsN||. The gameG to be constructed, will further turn out to
comprise an additionahystery playerwhich will be denoted by. We will also assume an arbitrary
but fixed enumeratiory, . .., ¢,, ... of the formulas ofL( A, B). Moreover, the concept of a maximal
A-consistent extension of a theories will be heavily be celipon. Here, the Lindenbaum lemma fr
stating that anyl-consistent theory can be extended to a maxirtwabnsistent theory, is reproduced
without the routine proof.
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determines, valuation

Mr

via Definition 3.1 underlying frame

sr

Figure 7.  Structure of the construction®®, whereX ;. = (X', 0r).

Fact A.1. (Lindenbaum lemma)
Every A-consistent theory ilf( A, B) can be extended to a maximd&lconsistent theory.

Having assumed a fixed enumeration of the formulad(ef, B) we may for each extensive game logic
assume alosure operator C| mapping eachi-consistent theory' onto auniquemaximalA-consistent
extension off". Usually, we will omit the subscript, when the logitis understood from the context.
The construction of the modeimjl is uniform for all extensive game logicé modulothe notion of
consistency involved.

The vertices of the labelled tré€;. will be drawn from a set of finite strings over a particular. set
Suppressing the implicit ordering of the strings we willidetately confuse the tre®; and its set
of vertices. For each natural numberc w, we letz" denote the string ofi occurrences oft, e.g,
23 = zxx andyz?z = yzzz. Let furthermorgo| denote thdengthof a stringo. We havee stand for
the empty string. In the remainder strings are assumed todezen by thémmediate prefix relatiorg,
defined for stringgr ando’ over a setX in such a way that < ¢’ if and only if there is some in X
with oz = ¢’. E.g, the stringsry andzyz are thus related buty andyzz are not.

The vertices of the labelled treg;. are selected from the set of finite sequences @verS U w
and includes the empty sequenceThe setsl’, S andw are assumed to be pairwise disjoifitto be
countably infinite, and the set of strategy-labels 6{ A, B). We will assume there to be a partitionBf
in a countably infinite number of countably infinite blockserte, for each sequeneén (7T'U S U w)*
we may assume there to be a unique countably infinite subs&t denoted byT, and enumerated
ast,...,to,....

Conceptually, in the gam@& - to be constructed, the elementsiaf S Uw could be taken as possible
actions and each sequeneés to represent history of play.A sequences’s is then the vertex that will
be reached if subsequently the ‘actionst’ ands are being played. In the gang@, to be defined the
strategy profile the label is to represent can then easily be recovered as the funt¢tagmiaps each
sequencer ontoos. The setsl" andw are added in order to assure thatGh- there be a sufficient
number vertices, and fortiori a sufficient number of strategy profiles. Roughly speakitgmnents of
T are used to introduce vertices falsifyipgas witnesses for formulas of the foraji]p. Similarly, the
elements ofv are used to construct witness states for formulas of the feiyp.
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Now the stage has been set for the definition of the labelsetIr-. The fundamental idea is that
the for each formula of the form[3]y in a theory associated with a vertexby 8, there should
also be a vertex’ that falsifies and, moreover, is reachable by the accessibility relafignin the
modelMt ;. The theory associated with vertekwill thus contain—¢ and will also have to comply to
certain consistency constraints as is usual in a consbruatiethod. As, for different label$ and 3’ the
theories{t : [B]y € I'} and{y : [B'] € I'} are not in generall-compatible, proper care should be
taken that no leaf be reachable by two different accedsibélationsR2s and R from a vertex such that
0 (v) may contain both formulas of the forfi]y and[5’]+). Simultaneously, it has to be ascertained
that the tree constructed is a game-tree in accordance latimterpretation of strings as actions and
the strategy profiles as described above. Thus, for eacinattaodes of T and each label iB;
of L(A, B), there should be a unique leat", for some appropriate integer € w, representing the
outcome of the strategy profile @, the labels stands for in the modébt;.. Moreover, care should be
taken that the tre@ ;. have a finite horizon.

For eacht in {¢} U T and each theory™ in L(A, B), we first define inductively for each € w a
treeT}., (no boldface!) the vertices of which are decorated with tieson £(A, B). Then the tre€
is defined as the limit of this induction. This latter kind abklled tree will form the modules which
eventually compose the trég;- for I". The set of vertices oIFt we denote byZFt and the labelling
function assigning theories @(A, B) to the vertices in¥., by 6-,. The root of‘I” is taken to be
and the other vertices and the theories assigned to thenhaesercin accordance with the idea tifiabe
eventually satisfiable dt

At the basis of the induction the treg}., is defined, withX7., as vertices and}., as labelling
function. The idea is theifopt contain, for eacls in S, auniqueleaf that can be taken as the outcome
of s when play is commenced in the root The design is such that along any such path each of the
players inN is to move once. In general, playeis assumed to move &i’. In particular, the mystery
player 0 thus makes a decision at the raot Hence, Eot containst as well as each sequent€’

with n < ||N|| + 1, the idea being that each playiee N is to move ats' andts!/NVlI+1 is the outcome
determines int. By definition, a strategy profile should be defined at eachrival node. Hence for
eachts’ with < || V|| and each label in S different froms we also distinguish a leak’s’ in X7, .
No further vertices are nE%t Figure 8 depicts the tree far? T in a language containing two labels for
players and also two labels for (the outcome functions mé):sgy profiles.

The labelling functior§?., assigns the maximal-consistent extensio@l (I") of I" to the roott and
the empty theory to each of the internal vertices. Howewvditrary the latter may seem, it will prove
to be convenient as the proof develops. If now the th&irfi") is supposed to be satisfiedtah some
game-model ont? , then each leafs! VI +! should satisfy a formulas whenever3, ]y is in CI (I).
Similarly, if CI(I") contains a formulds,]:, then each leafs’s’ should satisfyyy. The assignment
function Oﬁlyt is fixed accordingly.

The role of the mystery player can now also be clarified. Ssppbad been assigned to a player
with a label in N but different from1. Then, for a strategy profiles and s’ with a labels inBy, the
leaf tss” would eventually be reachable not only franby R; , as intended, but also uys I If so, the
theory associated withss’ should then contain all formula,s for which either[s, ]y or [A’]zp The A-
consistency of a such a theory, however, cannot in genemgideanteed. By assigning a player without
a label inN to the roott this contingency will not occur.
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tsss tsss' ts's's' ts's's

Figure 8. The tree?., for language(4, B) with N = {1,2} andS = {s,s'}.

Formally we define:
‘Igﬂ,t —df. (El'l’t, og,t)’
whereE%}t is a subset of (T U S Uw)* and Oﬁlyt a function assigning theories ifi(A, B) to the se-
quences in X7, :
E%t =qf. {t} U {tsis' :s,8eS and0<i<| N }

(CI(I) ifo=t
Cl({y: [splp eCl(D)}) ifo=tsIVH!

Cl({y: [y eCl(I)}) ifo=ts's’ ands # s’

| 2 otherwise

0., (0) =

In the inductive step, defmm@"+1 from ‘I”, we check whethep,,, then — 1-st formula in the
enumeration, is of the forrm(s,]«. If it is and ¢,, moreover occurs i€l (I'), the stringts'n is added
to the set of vertices and assigned the maxirhaixtension of{ —} U {x : [3;]x € I'}. In any other
caseT} ! and<},, are identical.

The reason for this is that if the rootwere to satisfy a formula of the form(s,]y, then a leaf’
should be reachable fromvia R; and not satisfy). Being reachableia RS , the leafv’ should,
additionally, also satisfy any formub@that is such that forces[s;]x. Note that a similar construction
is unnecessary ip,, is of the form—[3,]:. In virtue of AxiomD!; , the formula—[3,]¢ is equivalent
to [3,]— and the latter is thus element 61 (I"). Hence, this case has already been taken care of by
the construction 01310” A similar remark applies to the case in which a formula of fibven —[5 ]+
or —[3;]1 is contained in the theory assigned to a leah X7, by 67.,. Then, AxiomF5; 5 makes
that already-) is in H}E,t( o). The internal vertices contain no formulas, let alone fdemuhat require
“witness states.

Formally define:

n+1 __ n+1 pn+1
‘Ip’t —df. (Ept 70 )a
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where:
ol 2V {ts'n} if oo ==[3]y and @, € CI(I)
7 2T otherwise
0?:1 () =a Cl ({_‘w} U {X : [8;]x € CI(I) }) if o =ts'n,p, = =[3;]¢ andg,, € CI(I)
7 0?“,t (o) otherwisei.e., if o € Eﬁt

Finally definet, , as:

( U E?“,ta U 0?,1‘,)'
new new

The theoried) ., assigns to the vertices may also contain formulas of the fefin). If this is the
case for a vertex, then the construction should also contain a vertex aseatiaith a maximald-
consistent theory containingy as well as any formulg if [i]x is in the theory associated with To
accommodate this type of formula, we push the constructiensbep further.

We now define inductively for each € w a collection of decorated trees of the forfi.,, from
which we eventually manufacture the tr@g.. At the basis, this collection consists of the treg.,
which hasI" itself associated with its roet The empty sequeneebeing a prefix to any sequenceegvlll
also be the root of the tree to be constructed and eventuattyoh the game-modebt . If any of the
verticeso of T, contains a formulgy, of the form—[i]y a new tre€X, ;. is added to the collection, on

the understanding that the theayequals{—+} U {x : [i]x € (o) }. Then this process is repeated
for the new collectiorad infinitum Thus define:

T o=a {Sn)
37#1 =g TPU U {T@,tg : 0 € XYandy, = —[iJy andyy, € 0(0)}
(2,0)eTn

where, @ = {9} U{x: [iIx€0d(o)}.

We will assume thaf’ has been chosen and distributed over the sequendd3unS U w)* in such a
way that for eactn thet?-s in the above definition ardresi. This guarantees that at each stage of the
induction the set of vertices of each tree added to the ¢mheds disjoint from any other set of vertices
of a tree thus introduced, as well as from any set of verti¢estoee already present in the collection.
Hence, the domains of the various functigheemain separate as well. Then set:

TP =a |J T

new

We are now in a position to formally define the decorated ¥eeas:
T, =a (Zr,0r),

where:

U{z: .9 E‘Z“’}
w J{o: (2,0) e T4}
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588 sss’ ssk ssl

s's's’  s's's §'s'k s's'l

Figure 9. The tre€ . for a theoryl” in a languagel(A4, B) with N = {1,2} andS = {s,s'}. Each subtree
%1, 1, 1S introduced in virtue of a formula of the form[i]¢) being in the theory assigned to a vertex in another
part of the tree.

Before we proceed, the reader be assured thaf; forl-consistent theoryX - is indeed a tree with
its verticesX' i ordered by the immediate prefix relatienand thatd - is afunctionassigning a unique
theory inL(A, B) to each vertex in X .

Fact A.2. For eachA-consistent theory’, the set¥ is a tree if ordered by the immediate prefix rela-
tion <, and@ is a total function on¥ .

Proof:

(Sketch. For eachz € {e} UT, E%’t is defined as a tree ordered by Then observe thaﬂjﬁf is
obtained fromZ}E,t by adding at most a fresh vertex'n. With ¢s® already contained iﬂ?}}t, we may
by the induction hypothesis conclude trﬁgl is a tree ordered by as well. Now conside®?.. The
“freshnessassumptions for the? guarantee that for any tw@”, #) and(X’, ') in T}, the sets¥ and
X' are disjoint. Finally, recognize that ea€l, , hast as root and thatis an immediate prefix of This
makes that¥'; is a tree ordered by. By a similar argument it can be shown tlgais functional for
each(X,0) in . The functionality of¢, = |J{0: (X,0) € T}} is guaranteed by thereshness
assumptions for the. O

Figure 9 depicts the structure @, for a languageC(A, B) with N = {1,2} andS = {s, s'}.
For technical convenience we will distinguish particulabsets of vertices ifE .. First, the root
nodee and the verticeg;, that are the roots of subtre®s.,, in T are collected inT}, i.e.,,

Tr =a {fU(T'NXp).
For eacht in T the set of internal vertices and the set of leaves of the otispesubtreet, , of T

are denoted by't. and L%., respectively. Obviouslyl%. and L}. are disjoint and together exhaust the
vertices in% -, ,. Finally, W}. compriseg together with the leaveE’.. Some reflection reveals thi /-
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588

Figure 10. Types of vertex i .. The sefl’ contains and (vertices of type)). The vertices, s andss make up
I¢, whereag, ts andtss are the sole elements . L' is given by{tss', tsl, tsss,tsss', tssl} andW contains
all vertices excep, ss, ts andtss.

are exactly those vertices -, , which are labelled with a maximal consistent theory.

I =4 {ts'e Xp: seSandi<|N|}
Lt =4 {ts"N||+1,tsis',tsil €eXr: s#s andl e w}

W} =gt {t}UL%

Let further I' =g U,er, I'., Ly =4 User, Lt andWp =4 User, W/.. Since the vertices of
all the trees in¥%. are pairwise disjoin#¥ - contains precisely those vertices labelled with maximal
consistent theories. Moreovdi collects all leaves of - andI - its internal vertices and as such they
are disjunct. Finally, we claim without giving a proof that:

X = IFULF.

The various type$ of sequence the collectio®'; contains and how they relate is illustrated in Fig-
ure 10, for the same language as that of Figure 9.

Fact A.3. Let I' be aA-consistent theory ilC(A, B). For eacho € ¥, then,8, (o) is a maximal
A-consistent theory i € W, and the empty theory, otherwise.

Proof:
(Sketch) First we observe that for any extensive game lagjitis the case that:

I'¥ L implies {¢: [§lp e} F L,
I'¥ L implies {y: [8]tp € I'}F L,
ru{-lix} ¥ L implies {-x}U{y: [ip e} ¥F L,
TU{-[3]x} ¥ L implies {-x}U{s: [3,]p € [} ¥ L.
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The logic A being a normal logic, the latter two can be proved by a stahdegument¢f., [4], pp.198-
199). The first and the second item are proved by an analoggumant, though essentially involving
the axiomsD!5, andF1 4, 5, 5, Again assume the contrapositive tHat: [3;]¢ € I'} = L. Then
there is a finite number of formulas, . .. . v, € {¢ : [3,]9 € I'} such thatpy, ..., ¢, - L. Consider
the following implications:

o, ..., p = L implies [3;]o,. ... [8;]¢n F[5;]L implies I't[5;]L
impliesg,, . I'k[3,]L  impliesp, 'k (3,) L implies ' L.

The first and last implication are in virtue df being a normal modal logic. The second item can be
obtained usingNec.for [3,] instead of fof{3;] and omitting the application d¥1; s, .

An inductive check of the construction of the varictis, and eventually of that of ., here omitted,
then establishes the fact. ’ u

For each leat in L, andx € T, we define a labef,, in B of the language£( A, B), as follows:

5 ifo= xs's', for somes’ # s,

Bs =dt. <& ifo=uas'l,forsomel €wandi <|N|,
3, otherwisei.e, if o = zslNII+1,

The purpose of this definition is the following useful fats; proof amounts to an easy check and is duly
omitted.

FactA.4. Letz € Tp. Thenfor all leaves € Lj:  {¢: [B,]p € 0, (z) } C 0, (o).

The intuition behind this definition is that in the garG®- to be constructed on basis of the labelled
treeT -, for eachiixedlabels in S, the set of leaves ifitsIVI+1 tsis’ sl : € X s # s’ andl € w}
will coincide with the leaves that can be reached freme T if at most one player deviates from the
corresponding strategy profile Similarly, sINlI+1 will be the outcomes determines at:. l.e, in
symbols, §; (z) = {tsIVIF1 tsis/ s © s £ &' andl € w} andéy(z) = {zsIIF1}. Since
3; and 34 in turn determine the accessibility relations for the cepanding labels in the game-frame
on G, Fact A.4 partly guarantees that for each sequeniteL - the theorie® - assigns to sequences
are included in the theories that those sequences satiafpamticular game-model & .

We are now in a position to define for eadkconsistent theory™ an extensive gamé& ;- on basis of
the labelled tre& ..

Definition A.1. (Extensive games forA-consistent theories)
Let A be an extensive game logic in a multi-modal matrix languégé, B). Let, furthermore/” be a
maximal A-consistent theory. We define: the extensive gﬂfeas:

G} =4 (Vr,Rr,Nr, Pro{p;}icn, )

whereV is the set of sequences, in T as above and; is given by the immediate prefix relation
onXp,ie.foralo,o € Vi

/

oRro' iff forsomez e SUTUw: o =oux.
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The players of the gam@ - are given by the labels iV plus amystery playeb, i.e.,
Nr =4 NU{0}.
The player assignment functidAr is such that for each internal vertexof Vr,i.e, o € I:
Py (o) =i iff o=uxs' forsomez € Ty
Finally, the preferences of each playen N are such that for all vertices o’ € V:
(0,0") € p; iff forallformulasy: [ilp € 8 (o) implies ¢ € 81 (o)

The mystery playe® we assume to be entirely indiffereng., py =qt. Vi x V. When no confusion is
likely, we will omit the subscript/” as well as the superscrigtin G}‘.

Fact A.5. For each maximall-consistent theory” in £L(A, B), G, is a properly defined extensive
game.

Proof:

Consider an arbitrary theody in £L(A, B). By constructionV', R) is a tree and some reflection reveals
that the length of a string i is no longer thar|N|| + 2. Hence, withN being finite,(V', R) has a
finite horizon. By the same token the set of play&'sof G is finite as well, sinceV contains just
one element more thaN, viz,, the mystery player. The player assignment functi®mrcan readily be
ascertained to be total on the internal vertices.

Finally, each of the players’ preferences are reflexivajsitve and connected as required. For
the mystery playef this is immediate, its preference relation being the usi@krelation oveV. So
consider, for the remainder of the proof, an arbitrary playie N. For reflexivity, observe that for any
stringo € V such tha® (o) is empty,(o,c’) € p; is trivial. Otherwise, by Fact A.3, the theoéy(o)
is maximalA-consistent. Then, assume for an arbitrary formukhat[i]¢ € 0 (o). With the axiomT;
then alsop € 0 (o). Consequently(o,o) € p;. For transitivity a similar run-of-the-mill argument
suffices. Assuméo,o’), (o',0") € p;. Again if @ (o) is empty, immediately(o, c”) € p;, as well.
Otherwise,@ (o) is maximal A-consistent. Assume for an arbitrary formyathat [ijo € 6 (o). By
axiom 4;, also[i][i]p € 6 (o). By definition of p;, then subsequentll]y € 0 (¢') andy € 8 (o”).
Hence,(o,0") € p;.

To prove that for eachh € N the relationp, is connected, we must show that for allo’ € V,
either(o,0’) € p, or (¢/,0) € p;. This requires considerably harder and tedious work. Hezi@ (o)
or @ (¢') is empty, we are done immediately. Otherwise, the axi6iandF4 are heavily relied upon.
For the remainder of the proof consider an arbitragy N.

First we introduce the auxiliary notion of @nnecting pathwhich we define as a sequence of
verticesrg, vg, . . . , Tn, Upn, OF T, Vg, - -« Tn—1,Un_1, Tn IN 'V such thatry = ¢, and for eacl) < m < n
bothv,, € W™ andr,,4+1 € T,,,. The latter requirement guarantees that, given the canigiruof ¥ -,
each vertex,, 1 was introduced td in virtue of some formula-[k]x being in@ (v,,). Hence, we may
assume that for each< m < n + 1, there to be & € N such that{+ : [k]y) € 0 (vy) } C 6 (Tis1)-
Inspection of the various possible cases along with an aafiyctive argument reveals that for each
vertexo in W, there is a connecting path of whiehis the last element.
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The argument now proceeds with a simultaneous induction andm, proving that for any two

connecting pathsy, ..., o, andoy,...,o, that either(o,,0},) € p, or (0},,, on) € p;.
Forn = m = 0, obviously,o,, = o/, = € and we are done immediately by reflexivity pf.
For the first inductive case consider two connecting pats. . ,op, op4+1 @andoyg,...,o,,. If n+1

is odd, theno,, 1 = v,/, ando, = 7,,,. By definition of a connecting path then,,; € W™/2.
If now, in this casegp11 = oy, i€, if opy1 € T, then{x : [i]lx € 6(0n)} C 0(0y41) as a
consequence of axio; and#é (o,1) being maximalA-consistent. Otherwise in virtue of Fact A.4,
{X i Bonalx € 0 (on) } C 0 (on+1)-

If, on the other handy + 1 is even, therw,, . = Tn)2 ando, = V(n/2)—1- In this case, there is a
knt1 € N such that(on, 0041) € py, i€, {x: [knt1]x € 0 (on) } C 0 (0n41). Now letd, . be the
label in B defined as:

kn+1  ifn+1liseven
On+1 =df. ¢ if n+1isodd ant,,41 € T,

Bopsn fn+1lisodd ands, i ¢ T.

In general, we now have thity : [6,+1]x € 6 (o) } C 0 (0541).

By the induction hypothesis we may assume flgt o.,) € p; or (o),,0,) € p;. In the former
case, assume that for some formylalilp € 6 (o},) buty ¢ 6 (o,+1) and consider an arbitrary
formula ¢ such that[i]y) € 0 (0,,41). We show that) € 6 (o],). By maximal A-consistency of
0 (on+1), [i(Jp — ¢ ¢ 0 (0pt1). This yields[d,41]([i]y — ¢) ¢ 0 (0y,). By maximal A-consistency
and axiomF4;, , ;, then also thafi] ([ — +) € 6(0,). Having assumed thdb,,o},) € p;,
with the definition ofp;, we have[i]p — 1 € 0 (0],). Subsequently, by maximal-consistency and
[i]e € 0 (0.,), alsoy € 8 (a},).

If, on the other hand(c,.0,) € p;, we prove again that € 6 (o,,) for all formulasi such
that[i]y) € 0 (0,+1), provided that there be a formulasuch thafi]e € 6 (o,) buty ¢ 0 (o,41).
As before, (i) — ¢ ¢ 0 (0,41) and consequentl{, 1] ([i]y — ¢) ¢ 6 (0y,). This time we had
assumed thato},,0,). Hence,[i][d,41]([i]Y — ¢) ¢ 0 (o},). By maximal A-consistency o8 (o7,,)
and axiomF3; ., ;. then[i][i]([i]]¢ — ) € 8 (0},). Two applications of axionT;, then give
[ijp — 9 € @(0),). With [i]p having been assumed to beér{o],), the desideratumy) € 6 (o},)
follows. Figure 11 illustrates these arguments.

Since the argument for the second inductive case runs alwalggous lines, we may conclude that
each playei’s the preference relatiop, is connected. O

A strategy profile of the extensive gart&- is then given by function mapping each internal vertex
in (Vp, Rp) onto a succeeding vertex. Not all strategy profile€Ggf, however, are represented by a
label in S. We will assume the label in S to represent the strategy profife that maps each internal
vertexo ontoos. l.e, for each internal vertex in V- ands € I, we have:

fs(o) =ar os.

For all practical purposes we will identiff;, with s itself whenever no ambiguity is likely to arise.
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Fact A.6. Letz € Ty. Then, foralli € N ands € S:

85 (x) = {aslMIIF1Y,

3; (z) = {aslNIF 25t 25l € X1 s’ # s andl € w}.

Proof:
(Sketch. On basis of the definition af,; on page 289, and inspection of the constructio® pfandG -,
the following can be established:

§g (xs) = xSHNHJrl

§; (zs) = {.’L’S”N”+1,.’L’Sisl,$sil : s’ #sandl € w}.

Now recall that the additional playémad been assumed to be different from angvofSinceP (z) = 0,
for eachi € N we haves € s; (z) ifand only ifo = s(z), i.e, if 0 = zs. By the definition ofs ,, on
page 289 theq; (z) = 5, (zs) andsy (z) = 34 (2s), which give the desired result. O

We now define the modéDi; on theL(A, B)-feasible game-framgg,..

Definition A.2. (Game-frame and game-model foiG )
Let A be an extensive game logic afith A-consistent theory in a multi-modal matrix languaged, B).
The game—fram@’Gﬁ on G}‘ is fixed by Definition 3.1, above, with € S the label for the strategy

profile f. Let&/r1 denote&Gﬁ. Let further the interpretation functiah: V; — 24, be defined by:
Ir(o) =a. {a€A: acb(o)}.

Thent{ is the game-mod€|§4, 1) . When no confusion is likely to arise the superscrips omitted.

The modelt; can now be shown to satisfy theconsistent theory™ at the root node. In order to
establish this, we prove something slightly strongéer, that for each vertex of 2t the theoryd - (v),
i.e,, the theory assigned to by 6, contains exactly those formulas that are satisfied &t 9t ,
provided tha®# (v) is non-empty.
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Lemma A.1. (Truth lemma)
Let I" be aA-consistent theory inC(A, B). Consider both¥, = (¥,,60,) and9t,. Then for all
verticessc € W and all formulasp:

Mr,ol-e iff ¢ebr(o)

Proof:
Consider an arbitrary € T as well as an arbitrary € W The proof is then by induction ap.

For ¢ a propositional variable we are done immediately by the disfimof 90t -. Similarly, if ¢ is a
Boolean combination,e., ¢ = L, ¢ = =) or ¢ = 1) A x, maximalA-consistency o8 (o) takes care.
Thus the modal cases remain.

Let ¢ = [i]¢, for somei € N. Assumey to be then + 1-th formula in the enumeratione., ¢ =
¢n. First assumdilyy € 6 (o) and consider an arbitrary’ such thato R;o’. By definition of R;
in 9, alsoy € 6 (o'). Consequently (¢') is not empty and se’ € W .. Therefore, the induction
hypothesis is applicable, renderif@ -, o’ I- 1. Having choser’ arbitrarily, Dt,, o I+ [i]y) follows.
For the opposite direction, assurfi¢) ¢ 6 (o). With maximal A-consistency, them[i]y € 6 (o).
Hence, fort], we have{—-y} U {x : [i]x € 6 (o)} C 6 (t7). By definition of R; in M, theno R;t.
Again,t? € W and with the induction hypothesiBt-, t7 ¥ «. Accordingly, My, o I [i]¢).

Let o = [5,]¢, for somei € N ands € S. Again we distinguish the cases in whiehis a leaf
from the one in whicly andz are identical. First, assume the former. Thentself is the only element
of 5,(0), i.e, §;(0) = {o}. Observe further that in virtue of axiof2s, s , [3,]([3;]¥ « ) is an
element o# (x). With Fact A.4 ther{s, |4 <+ ¢ € 8 (o). Now consider the following equivalences:

(8,19 €0 (0) ffs1pcpco0) P EBO(0)

iffin Mpr,o -y

iffs. (o) = {0} for all o’ such thav’ € 3, (o) : My, o’ IF 9
iff for all o’ such tha R; (,)0': My, 0" I 4
iff M, o - [5,]9.

If, on the other handy andz are identical, we reason as follows. First assume [thatc 6 (z)
and consider an arbitragy such thatr R; 0' It suffices to prove tha®i,, o’ IF ¢. By axiom Fl;. 5,0
also[$g4)Y € 0 (x). Inspection of Fact A. 6 reveals thitt,/ ]¢» € 0 () and hence, by Fact A.4 we have
¥ € 6(co'). By the induction hypothesis follows that,,o I- ¢ and witho' having been chosen
arbitrarily, M, z IF [3,]9.

For the opposite direction, assume thigty ¢ 6 («). Then, by maximali-consistency;-[s;]¢ €
0 (z). Without loss of generality we may assumﬁ |4 to be then + 1-st element of the enumeration of
the formulas we considered. Now et =4; zs'n. Then,o* € 3, (z) anda fortiori alsoz R; o*. More-
over, by constructiory € 0 (o). By the induction hypothe3|s themt,, o* IF =1 and, consequently,
M, o* W 1), which suffices for a proof.

Letp = [5,), for somes € S. Leto** = xslVlI+1. Again we distinguish between being a leaf
in L* ando beingz itself, dealing with the latter case first.

First assume thdt,]y € 6 (z). By Fact A.4 then) € 0 (¢**). The induction hypothesis subse-
quently yields®t,, o** IF . From Fact A.6 we learn that* is the only element i, (z) and, hence,
we may conclude thalir, z IF [$y4].
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For the opposite direction assurfig]y ¢ 6 (z). By maximal A-consistency o (z) then both
—[85] € 0 (z) and(3,4)—¢ € 0 (x). In virtue of axiomD!;_, then[3,]—) € 0 (). By Fact A.4 it can
readily be established that) € 6 (o**) and with maximalA-consistency o8 (o**) alsoy ¢ 6 (o**).
The induction hypothesis is applicable andty-, o** I 1. Fact A.6 guarantees that* € s, (z) and
a fortiori z R o**. Hence, eventually)ir, z ¥ 3,1, which we had to prove.

Now supposer to be a leaf inL*. Thens, (o) = {o}. Observe that in virtue of axior5g, 5,
we have thafg,]([35]¢ < ¢) € 0 (z). By Fact A.4 then als@s,]¢ <+ ¢ € (o). Now consider the
following equivalences:

Mp.ol-[$]yp  iff forall o' € V: oR; o' impliesMi,, o' I- 4
iff forall o' € 54(0): Mp, o’ Ik
54 (0) = o) Mol
iffin P €0 (o)
flajpopcoo) [0l €6(0).
This concludes the proof. O

Completeness of the minimal extensive game légigth respect to the semantics in terms of game-
frames now follows as a corollary of this last result.

Theorem A.1. (Completeness oF)
Let I" be a theory ang a formula in a multi-modal matrix languag®¥ A, B). Then:

' iff I'Fe.

Proof:

The left-to-right direction is taken care of by Propositibd, above. For the right-to-left direction it suf-
fices to prove that there is a model on a game-frame for Bazdnsistent theory' in £(A, B). The con-
struction ofm‘t? for F, as defined above, provides such a model. For, proving thimeocontrapositive,
I' V¢ pimpliesI"U{~} ¥¢ L. ThenM], ., exists and, by Lemma A DR}, . € IF I'U{—} F.

Then, alsdN] (. € Ik I and9ny, 1, € ¥ o, yielding I' ¢ o. O
Completeness for the extensive game lodibs; and F5§V (for particular labelss andi and N the

whole set of player-labels) can be obtained in a similariéashThe validity of the argument, however,

. N
rests on the fact that the mod@ﬁ?“ andfmf’i belong to the appropriate classes of game-models.

l.e., for eachF5; ;-consistent theory' the modeli))“(;si’s is based on an extensive game in which the

strategy profiles contains a best response for playerSimilarly, in the extensive game underlying a
N

modelim?r’s for a F5§V—consistent theory, there is a label inV for each interested player and the

strategy profile denoted by the labelis a subgame perfect Nash equilibrium. Hence, we have the

following results.

Theorem A.2. The logicF5; s is sound and complete with respect to the class of game-sbdét on
game-frames in whick is a subgame perfect best response for player
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Proof:

Soundness follows from Theorem 3.1, on page 293 above. Fopleteness the proof is as in Theo-
rem A.1, be it that it should also be shown that for &y ,-consistent theorys is a subgame perfect
best response for playeiin the extensive gamé&' ;- that is defined in the course of the construction of
the modem?"s. In virtue of Proposition 3.1 on page 293, we may restrickelues to showing that
Sris (5,1, 54)-Euclidean. So consider an arbitréff; ;-consistent theory’ and equally arbitrary ver-
ticeso, o', 0" € Vp such thav’ € §, (o) ando” € 3, (o). We prove thato’, ") € p,. So consider an
arbitrary formulap and assume théilo € 6 (o’). It suffices to demonstrate thate 0 (0”). In cases

is a leaf node, then, o’ andc” are all identical, and we are done immediatelyThyi.e., by reflexivity

of p;, iIn G. So, for the remainder of the proof, we may assunte be an internal vertex. Without loss
of generality, we may assume= zs™ ando” = zs/VlI+1 wherez € T and0 < m < ||N|. Ifit so
happens that < m, then againw’ ands” are identical — as can easily be established — and we are done
by axiomT,. Otherwise, observe that, having assumigd € @ (¢'), it holds that(g,/)[i]¢ € 6 (z).
Hence, in virtue of(3;)[il¢ — [54]¢ being an axiom of5; ; and maximalF5; s-consistency ob (z),
also[3,)¢ € 6 (z). Eventually, by definition 08 (zsIV1+1) alsop € 6 (xs/IVII+1). This concludes the
proof. O

Theorem A.3. The logic F5§V in L(A, B) is sound and complete with respect to the class of game-
frames built on games in whichis a subgame perfect Nash equilibrium and in which there &ball
in N for each interested player.

Proof:
Soundness is again immediate by Theorem 3.1. For compsstemsuffices to show that, for each max-
imal F5§V-consistent theorys is a subgame perfect Nash equilibrium in the extensive g@mgewhich

N
is built in the construction of the modéﬁ?s . Observe that for each labgle N, the aXi0m5§i7i7§g

is derivable inF5§V in £(A, B). Hence, in a similar manner as in Theorem A.2, we can showfdnat
eachinterestedplayer the strategy profileis a best response for playen G . This leaves the mystery
player0. His, her or its preference relation is universal by cortdiom. As a consequence, each strategy
profile is a best response for As this is the case in particular fer we are done. O

The extensive gamﬁjp1 for A-consistent theories have some noteworthy propertiesrimuan. In
particular, the depth of the gan'féjr1 — i.e, the length of the longest path in the game-tree connecting
the root to a leaf — does not exceed the number of player label$ A, B) plus two,i.e, | N| + 2.
Moreover, the players are assumed to play in a fixed orderpar@hch path in the game-tree from the
root to a leaf, each player represented by a lab&¥ imoves at most once and any other player at most
twice. Also, the number of players in each ga@e is always one greater than the number of labels
inN.

Corollary A.1. LetG be an extensive game of perfect informat@mvith /V the set of players and It
be a theory in a feasible multi-modal matrix languatiel, B) with N the set of player labels. Assume
further thatl” is satisfiable in a model ofi;. Then there is an extensive game of perfect information
a game-model on which also satisfiésind which game tree has a maximal depth | + 2 and which
players numbeli N|| + 1. Moreover, in each play af’ each player represented by a labelNnmoves
at most once and any other player at most twice.
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Proof:

(Sketch. Sincel” is satisfiable in a model ofi, by Theorem A.1F-consistency of " follows. Con-
struct the extensive gan@f.. The truth lemma A.1 assures thatis satisfied at the root node 6.
Moreover,GlFr can be seen to comply to the requirements as stated in thkacgro O

This corollary says, roughly, that one can confine one’'snatie to games of a limited depth when
studying finite extensive games with respect to properfiegtensive games expressible in the respective
multi-modal matrix language.
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